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a b s t r a c t

We model a risk-averse newsvendor’s decision-making behavior with some commonly used classes of
utility functions within the expected utility theory (EUT) framework. Under fairly general conditions of
EUT, we show that a risk-averse newsvendor will order less than an arbitrarily small quantity as selling
price gets larger if price is higher than a threshold value, i.e., the optimal order quantity decreases as the
selling price increases.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Consider a newsvendor who must decide how many newspapers to order from the publisher in the morning for sale during the day. If he
orders too few, he will lose potential sales and may also face additional shortage costs such as a loss of goodwill. If he orders too many, he
must salvage all unsold newspapers to the publisher at a lower value. The newsvendor’s objective is to choose an optimal order quantity to
balance his cost (or disutility) of ordering too many against his cost (or disutility) of ordering too few. Because of its simple but elegant
structure, the single-period newsvendor model has contributed insight to a variety of settings such as inventory control, capacity planning,
yield management, insurance, and supply chain contracts.

The standard newsvendor problem is based upon risk neutrality so that managers will place orders to maximize expected profits. How-
ever, in practice, there are many examples that imply managers’ decisions do not always correspond to the expected profit-maximization
order quantity (e.g., Kahn, 1992; Fisher and Raman, 1996; Patsuris, 2001). Therefore, developing alternative choice models rather than risk
neutrality to describe manager’s newsvendor decision-making behavior is becoming more important. Within this research stream, some
researchers have studied risk-averse newsvendor decisions within the expected utility theory (EUT)1 framework (e.g., Eeckhoudt et al.,
1995; Agrawal and Seshadri, 2000a,b).

Although those risk-averse newsvendor models provide useful guidance to managers on their optimal inventory decisions, none of them
pay enough attention to a limitation of EUT in the economics field, i.e., risk aversion within the EUT framework implies that people are approx-
imately risk-neutral when economic stakes are small (Arrow, 1971). For example, Rabin (2000) exposed some of the problematic conse-
quences of this limitation for the question of whether or not to accept a gamble. His risk aversion calibration theorem shows that
within EUT, even very little risk aversion over modest stakes implies an absurd degree of risk aversion over large stakes, e.g., if a person
turns down gambles where she loses $100 or gains $110, each with 50% probability, at any wealth level, then she will turn down a 50–50
bet of losing $1000 or gaining an infinite sum of money. That is an absurd rate for the utility of money to deteriorate, thus showing a lim-
itation of risk aversion.

This paper is especially motivated by the following result we observed in a numerical study in Section 4:

Suppose a manager chooses a commonly used exponential utility function within EUT to describe his risk aversion newsvendor deci-
sion-making behavior. If demand is uniformly distributed between 0 and 100, then a slightly risk-averse manager will order 49 at unit
cost $100 if his selling price is $400, but will order 47 if his selling price is $600. In other words, the quantity that maximizes his
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expected utility is 49 when the opportunity cost of a lost sale is only $300, but when his opportunity cost is higher at $500, his optimal
order quantity decreases, and in fact, approaches zero as selling price continues to increase.

The above numerical example shows that as selling price becomes higher and higher, i.e., the prospect of selling a perishable product
(e.g., newspaper) becomes better and better, a risk-averse manager prefers ordering less and less according to EUT. This anomalous result
illustrates that the limitation of EUT also exists in the risk-averse newsvendor problem.

The main purpose of our research is to show when, how, and why the limitation of EUT noted by Arrow and Rabin is manifested in
newsvendor decision-making. We use a series of theorems to characterize the relationship between a risk-averse newsvendor’s optimal
order quantity and selling price. For most commonly used classes of risk aversion utility functions within EUT, e.g., CARA, IARA, and
bounded DARA utility functions2, we find that a risk-averse newsvendor will order less than an arbitrarily small quantity as selling price gets
larger if price is higher than a threshold value. Our results suggest that: (1) some care is in order when interpreting results based on news-
vendor models and EUT, and (2) investigation of types of models suitable for risk-averse newsvendor behavior has merit.

This paper is organized as follows. In Section 2, we briefly review the relevant literature. In Section 3, we analyze the risk-averse news-
vendor problem and derive some theorems and insights. In Section 4, we use a numerical example to illustrate our results. Finally, in Sec-
tion 5, we offer concluding remarks and suggest opportunities for future research.

2. Related literature

The literature related to this research can be divided into two general categories: papers on the newsvendor problem with alternative
utility functions to risk neutrality, and papers addressing limitations of EUT.

The traditional newsvendor model is based upon risk neutrality. We refer interested readers to Porteus (1990) and Khouja (1999) for
reviews of this part of literature. Some researchers have attempted to use risk aversion within EUT to describe the decision-making behav-
ior in the newsvendor problem. Eeckhoudt et al. (1995) study a risk-averse newsvendor who is allowed to obtain additional orders if de-
mand is higher than his initial order. They find that a risk-averse newsvendor will order strictly less than a risk-neutral newsvendor.
Agrawal and Seshadri (2000a) investigate a risk-averse and price-setting newsvendor problem. They find that a risk-averse newsvendor
will charge a higher price and order less than the risk-neutral newsvendor if the demand distribution has the multiplicative form of rela-
tionship with price. Also, the risk-averse newsvendor will charge a lower price if the demand distribution has the additive form of relation-
ship with price, but the effect on the quantity ordered depends on the demand sensitivity to selling price. Agrawal and Seshadri (2000b)
consider an important role of intermediaries in supply chains to reduce the financial risk faced by risk-averse retailers. They show that a
risk-neutral distributor can offer a menu of mutually beneficial contracts to the retailers so that the supply chain inefficiency due to risk-
averse retailers can be avoided. Keren and Pliskin (2006) study a risk-averse newsvendor model under uniform demand. They derive the
closed form solution and discuss its properties and application for assessing the newsvendor utility function parameters.

In addition to risk aversion, some researchers have used loss aversion within Prospect Theory (Kahneman and Tversky, 1979) to describe
the decision-making behavior in the newsvendor problem. Loss aversion is distinguished from risk aversion by the presence of a reference
point that determines whether a pay-off is perceived as a loss or a gain, and by an abrupt change in the slope of the utility function at the
reference point. Wang and Webster (forthcoming) study a loss-averse newsvendor problem. They find that if shortage cost is not negligible,
then a loss-averse newsvendor may order more than a risk-neutral newsvendor. They also show that a loss-averse newsvendor’s optimal
order quantity may increase in wholesale price and decrease in retail price, which can never occur in the risk-neutral newsvendor model.
Wang and Webster (2007) consider a decentralized supply chain in which a single risk-neutral manufacturer is selling a perishable product
to a single loss-averse retailer facing uncertain demand. They investigate the role of a gain/loss sharing provision for mitigating the loss
aversion effect, which drives down the retailer order quantity and total supply chain profit.

We next briefly review research on EUT and its limitations. EUT may be traced back to Bernoulli (1954) in response to the famous St.
Petersburg paradox.3 Later, the development of EUT with a set of appealing axioms on preference by von Neumann and Morgenstern (1944)
provided the basis for most subsequent analysis of economic behavior under uncertainty. In particular, EUT allows for a bounded utility func-
tion, thus avoiding the St. Petersburg paradox. We refer to Schoemaker (1982) for a comprehensive review of EUT.

Although EUT is well accepted, empirical studies dating from the early 1950s (e.g., Allais, 1953) have shown some patterns in choice
behavior inconsistent with EUT. The most recent paper reinforcing this theme is Rabin (2000), who characterizes a relationship between
risk attitudes over small and large economic stakes. His calibration theorem applies to lotteries with two possible outcomes. He shows that
within EUT, anything but virtual risk neutrality over modest stakes implies an absurd degree of risk aversion over large stakes. The results
raise questions into validity of conclusions from experiments and analyses that rely on same utility function over large and small stakes.
What is not clear is whether EUT presents any difficulties in a more complex newsvendor setting, a setting that can be viewed as a lottery
with not two, but many possible outcomes contingent upon an order quantity. In addition, the choice is not whether or not to accept a
gamble but how much to buy among a range of alternatives.

3. The risk-averse newsvendor model under EUT

We consider a risk-averse newsvendor with initial wealth W0 selling short-life-cycle products with uncertain demand. At the beginning
of the selling season, the newsvendor initially orders Q products at a unit cost w from a supplier and sells at a retail price p > w during the
selling season. Demand X is stochastic with PDF f ðxÞ and CDF FðxÞ defined over the continuous interval I ¼ ½a; b�. To simplify notation, we
2 Utility functions within EUT are commonly classified into three categories of absolute risk aversion: (1) decreasing absolute risk aversion (DARA), which states that as an
individual becomes wealthier, he will be less risk-averse, (2) increasing absolute risk aversion (IARA), which states that as an individual becomes wealthier, he will be more risk-
averse, and (3) constant absolute risk aversion (CARA), which states that an individual’s degree of risk aversion is independent of his wealth level.

3 Suppose a utility function Uð�Þ is unbounded (e.g., as is the case for a risk neutral utility function), so that for every integer n there is an amount of money xn with UðxnÞ > 2n .
Consider the following lottery: we toss a coin repeatedly until tails comes up. If this happens in the nth toss, then the monetary payoff from the lottery is xn . Since the probability
of this outcome is 2�n , it is clear that the expected utility of this lottery is infinity. But this means that an individual should be willing to give up all his wealth for the opportunity
to play this lottery, an absurd conclusion.
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assume without loss of generality that a ¼ 0 (e.g., if a > 0, then Q represents the amount to increase the order beyond the minimum pos-
sible demand). If realized demand x is higher than Q, then unit shortage cost penalty s > w� p is incurred on x� Q units. The case of
s 2 ðw� p;0Þ corresponds to situations where x� Q units can be purchased and sold after demand is realized at the lower unit margin
of �s instead of p�w. For example, Eeckhoudt et al. (1995) consider a newsvendor who is allowed to obtain additional newspapers at
a cost w0 satisfying w < w0 < p. Thus, the newsvendor is still able to make money on shortfall units by placing a second order to satisfy
unmet demand (i.e., the shortage cost penalty is s ¼ w0 � p 2 ðw� p;0ÞÞ. The possibility of s 6 w� p is excluded because such a case would
imply that the newsvendor can make at least as much profit from a stock out as from selling a unit, i.e., there would be no reason to order
prior to observing customer demand. If realized demand x is lower than Q, then the newsvendor salvages Q � x unsold products at a unit
value v < w. As with most of the newsvendor models, we assume FðxÞ is continuous, differentiable, invertible, and strictly increasing over I.

The newsvendor is risk-averse in the sense that he is unwilling to take a bet that is actuarially fair when facing uncertainty (Arrow,
1971). For example, a newsvendor who turns down a gamble of losing $100 or gaining $110, each with 50% probability, is risk-averse.
The function UðWÞ defines the newsvendor’s utility over his final wealth W where UðWÞ is twice differentiable. We have the following
assumptions for the utility function UðWÞ of the risk-averse newsvendor.

A1. U0ðWÞ > 0 for all W
A2. U00ðWÞ < 0 for all W

A1 implies that UðWÞ is a strictly increasing function of W, which simply says that more wealth is desirable. A2 implies the diminishing-
marginal-utility-of-wealth theory of risk aversion, i.e., a dollar that helps us avoid poverty is more valuable than a dollar that helps us be-
come very rich. The assumptions A1 and A2 are common in the economics literature (see, e.g., Arrow, 1971; Pratt, 1964 and Rabin, 2000).

We let rðWÞ ¼ �U00ðWÞ=U0ðWÞ denote the well-known Arrow–Pratt measure of absolute risk aversion, which measures the insistence of
an individual for more-than-fair bets (Pratt, 1964; Arrow, 1971). We introduce the following additional assumption on the nature of rðWÞ.

A3. limW!1rðWÞ > 0

Assumptions A1 and A2 imply that rðWÞ > 0 for any finite W. A3 says that the newsvendor is strictly risk-averse even as wealth goes to
infinity. Rabin (2000) counterintuitive result (i.e., Corollary, p. 1291) also relies on A3. All CARA and IARA utility functions satisfy A3. A3
eliminates some unbounded DARA utility functions such as logarithmic and power functions with limW!1rðWÞ ¼ 0. However, as pointed
by Arrow (1971), within EUT, the utility function must be bounded to avoid the St. Petersburg Paradox (Bernoulli, 1954). In addition, most
of the commonly used DARA utility functions in economics and finance have the property of being characterized by the mixture of expo-
nential functions, i.e., UðWÞ ¼

R1
0

1�e�tW

t dGðtÞ, where GðtÞ is a nondecreasing and bounded distribution function on [0, 1) (Caballé and
Pomansky, 1996). If t0 � infftjGðtÞ > 0g > 0, then from Proposition 6.2 of Caballé and Pomansky (1996), limW!1rðWÞ ¼ t0 > 0. For exam-
ple, if GðtÞ ¼ 0 for 0 6 t < 1, GðtÞ ¼ 1 for 1 6 t < 2, and GðtÞ ¼ 2 for 2 6 t <1, then UðWÞ ¼ 2� e�W � e�2W ; if GðtÞ ¼ 0 for 0 6 t < 1 and
GðtÞ ¼ te�t for 1 6 t <1, then UðWÞ ¼ 1� e�W þ 1=e� e�ðWþ1Þ=ðW þ 1Þ. Both utility functions are DARA with limW!1rðWÞ ¼ 1. In sum-
mary, there is a large class of DARA utility functions that satisfy A3 and have desirable properties for preference relationships, modeling
aggregate economic behavior, and utility assessment (Hammond, 1974; Brockett and Golden, 1987).4

The newsvendor has the following payoff function:
4 For

easy to
maker’s
pðx;QÞ ¼
p�ðx;QÞ ¼W0 þ pxþ vðQ � xÞ �wQ x 6 Q ;

pþðx;QÞ ¼W0 þ pQ �wQ � sðx� QÞ x > Q :

�
ð1Þ
The newsvendor’s problem is to find an optimal order quantity Q � to maximize his expected utility E½UðpðX;QÞÞ�, which can be expressed as
follows:
E½UðpðX;QÞÞ� ¼
Z b

Q
Uðpþðx;QÞÞf ðxÞdxþ

Z Q

0
Uðp�ðx;QÞÞf ðxÞdx: ð2Þ
After taking the first and second derivatives of expression (2) with respect to Q, we get:
dE½UðpðX;QÞÞ�=dQ ¼ ðpþ s�wÞ
Z b

Q
U0ðpþðx;QÞÞf ðxÞdx� ðw� vÞ

Z Q

0
U0ðp�ðx;QÞÞf ðxÞdx ð3Þ
and
d2E½UðpðX;QÞÞ�=dQ2 ¼ ðpþ s�wÞ2
Z b

Q
U00ðpþðx;QÞÞf ðxÞdxþ ðw� vÞ2

Z Q

0
U00ðp�ðx;QÞÞf ðxÞdx� ðpþ s�wÞU0ðpþðQ ;QÞÞFðQÞ

� ðw� vÞU0ðp�ðQ ;QÞÞFðQÞ < 0: ð4Þ
From (3) and (4) we see that dE½UðpðX;0ÞÞ�=dQ > 0, dE½UðpðX; bÞÞ�=dQ < 0, and d2E½UðpðX;QÞÞ�=dQ2 < 0 for all Q 2 I. Therefore, there exists a
unique optimal order quantity Q � that satisfies the first-order condition
ðpþ s�wÞ
Z b

Q�
U0ðpþðx;Q �ÞÞf ðxÞdx� ðw� vÞ

Z Q�

0
U0ðp�ðx;Q �ÞÞf ðxÞdx ¼ 0 ð5Þ
and is an interior point, i.e., 0 < Q � < b.
example, the sum-of-exponential utility function, UðWÞ ¼
Pk

i¼1
1�e�ri W

ri

� �
ai , is a mixture of exponential functions over a discrete measure studied by Hammond (1974). It is

verify that it is DARA and satisfies A3. Brockett and Golden (1987) show that the sum-of-exponential utility function can also be used in practice to construct the decision
utility function which is not known exactly at all wealth levels but can be determined at a finite number of points through testing.
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If the newsvendor is risk-neutral, then the first-order condition (5) reduces to
ðpþ s�wÞFðQ �0Þ � ðw� vÞFðQ �0Þ ¼ 0 ð6Þ
and we get the risk-neutral newsvendor’s optimal order quantity
Q �0 ¼ F�1 pþ s�w
pþ s� v

� �
:

From (5) and (6), we can see some differences between the risk-averse and risk-neutral newsvendor’s decision-making behavior. For a risk-
neutral newsvendor, the first term in (6) is his marginal benefit in expected profit due to an increase in the initial order quantity whereas the
second term is his marginal loss in expected profit. Given that there is an underage with a probability of FðQ �0Þ, if one more unit is ordered,
then a unit underage cost cu ¼ pþ s�w will be saved. Similarly, given that there is an overage with a probability of FðQ �0Þ, if one more unit is
ordered, then a unit overage cost co ¼ w� v will be incurred.

For the risk-averse newsvendor, the first term in (5) is his marginal benefit in expected utility due to an increase in the initial order quan-
tity whereas the second term is his marginal loss in expected utility. Given that there is an underage with a probability of FðQ �Þ, if one more
unit is ordered, then a unit underage cost cu will be saved. However, in contrast with the risk-neutral newsvendor, there is also a decrease
in the marginal utility of underage U0ðpþÞ through a wealth effect, i.e., the diminishing marginal utility if the newsvendor is richer (by
U00ðWÞ < 0Þ. Similarly, given that there is an overage with a probability of FðQ �Þ, if one more unit is ordered, then a unit overage cost cu

will be incurred, and the decrease in wealth will be accompanied by an increase in the marginal utility of overage U0ðp�Þ through a wealth
effect.

Theorem 1. For utility function UðWÞ satisfying A1–A3, let Q�ðpÞ denote the optimal order quantity at selling price p. If s 6 0, then for any q > 0,
there exists a finite threshold selling price pTðqÞ such that Q�ðpÞ < q for all p > pTðqÞ.

Theorem 1 suggests that if shortage cost penalty is negligible (i.e., s ¼ 0), or the newsvendor is still able to make money on shortfall
units by placing a second order to satisfy unmet demand (i.e., s < 0), then a risk-averse newsvendor with any risk aversion utility function
satisfying A1–A3 will order less than an arbitrarily small quantity as selling price gets larger once price is beyond a threshold value. The
result in Theorem 1 is anomalous in the sense that while the traditional newsvendor models predict that a risk-neutral newsvendor will
order more products as selling price increases, a risk-averse newsvendor within EUT will order less products as selling price increases be-
yond a threshold price. The result in Theorem 1 holds for various types of risk aversion utility functions within EUT, including CARA, IARA,
bounded DARA, and some unbounded DARA known as mixed utility functions (see Definition 1). It also holds for any continuous risk aver-
sion utility functions exhibiting IARA, CARA, or DARA in certain range of wealth levels.

We next prove that as selling price increases, for any shortage cost penalty s, the newsvendor order quantity will eventually become
arbitrarily small if the utility function exhibits mixed risk aversion, which is a class of utility functions comprised of a mixture of exponential
functions that have positive odd derivatives and negative even derivatives.

Definition 1 (Theorem 2.2, Caballé and Pomansky, 1996). A utility function UmðWÞ defined on [0,1) displays mixed risk aversion if and only
if it admits the functional representation
UmðWÞ ¼
Z 1

0

1� e�tW

t
dGðtÞ; ð7Þ
for some nondecreasing and right-continuous distribution function G on [0,1) satisfying
Z 1

1

dGðtÞ
t

<1; ð8Þ
where (8) is a necessary and sufficient condition for the convergence of the integral defining UmðWÞ for W 2 ½0;1Þ.

As pointed out by Pratt and Zeckhauser (1987), most of the commonly used utility functions in economics and finance such as power,
exponential, logarithmic, and HARA (Hyperbolic Absolute Risk Aversion) have the property of being characterized by the mixture of expo-
nential functions (see also Brockett and Golden, 1987; Caballé and Pomansky, 1996; Dachraoui et al., 2004).

Since limW!1rðWÞ > 0 (by A3), from Proposition 6.2 of Caballé and Pomansky (1996), limW!1rðWÞ ¼ t0 � infftjGðtÞ > 0g > 0. Thus, we
can rewrite (7) as follows:
UmðWÞ ¼
Z 1

t0

1� e�tW

t
dGðtÞ ð9Þ
with
U0mðWÞ ¼
Z 1

t0

e�tW dGðtÞ: ð10Þ
Theorem 2. For any mixed utility function UmðWÞ satisfying (7) and (8) and A1–A3, let QmðpÞ denote the optimal order quantity at selling price
p. Then for any q > 0, there exists a finite threshold selling price pTðqÞ such that Q mðpÞ < q for all p > pTðqÞ.

The conclusion in Theorem 2 holds for any shortage cost penalty s and requires that the functional form of the utility function is a mix-
ture of exponential functions. The results in Theorem 1 and Theorem 2 are largely consequences of the fact that, within EUT, a large in-
crease in wealth becomes close to meaningless as an individual becomes wealthier. While it is true that a large decrease in wealth also
becomes close to meaningless, the decrease in wealth from ordering one unit too many remains fixed at w� v as selling price increases.
The details underlying this effect can be seen by first noting that (5) can be rewritten as
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cuE½U0ððpþðX;Q �ÞÞjX > Q ��FðQ �Þ ¼ coE½U0ððp�ðX;Q �ÞÞjX 6 Q ��FðQ �Þ; ð11Þ
where cu ¼ pþ s�w and co ¼ w� v. Leave Q � fixed and consider the impact of increasing p. If the newsvendor is risk neutral, then U0ðWÞ ¼ 1
for all W. The selling price p only affects the risk-neutral newsvendor’s decision-making behavior through cu. If p increases, then cu increases
and co remains unchanged so that the marginal benefit due to an increase in order quantity is larger than the marginal loss. Thus, the optimal
quantity increases.

If the newsvendor is risk-averse, then again, as p increases, cu increases and co remains unchanged. However, p also enters the decision-
making process by increasing the value of the payoff function for any positive realization of demand. And due to the effect of increasing
wealth, the expected change in utility per unit increase in wealth gets smaller. More specifically, an increase in p causes
coE½U0ðp�ðX;Q �ÞÞjX 6 Q �� to decrease at a rate proportional to coE½U00ðp�ðX;Q �ÞÞjX 6 Q ��. Consequently, the newsvendor perceives a higher
cost rate of an underage (higher cu) and lower disutility from an overage (lower coE½U00ðp�ðX;Q �ÞÞjX 6 Q ��FðQ �ÞÞ. Both of these effects sug-
gest that the optimal newsvendor quantity should increase. However, the increase in p also causes E½U0ðpþðX;Q �ÞÞjX > Q �� to get smaller,
and when p is large, the value of cuE½U0ðpþðX;Q �ÞÞjX > Q �� decreases at a rate approximately proportional to cuE½U00ðpþðX;Q �ÞÞjX > Q ��. The
decrease is amplified by the large value of cu relative to co, and eventually the decrease in cuE½U0ððpþðX;Q �ÞÞjX > Q ��FðQ �Þ dominates the
decrease in coE½U00ðp�ðX;Q �ÞÞjX 6 Q ��FðQ �Þ. Thus, the optimal quantity decreases.

Corollary 1. For CARA utility function U0ðWÞ ¼ u0 � e�c0W with c0 > 0 and u0 being a constant, let Q0ðpÞ denote the optimal order quantity at
selling price p. For any q > 0, there exists a finite threshold selling price pTðqÞ such that Q 0ðpÞ < q for all p > pTðqÞ.

Corollary 1 investigates the CARA utility function, which is a special form of mixed utility functions (Caballé and Pomansky, 1996, p.
490) and commonly used in economics and applied fields. The result in Corollary 1 suggests that for any shortage cost penalty s, a risk-
averse newsvendor with a CARA utility function will order less than an arbitrarily small quantity as selling price gets larger once price
is beyond a certain threshold value. More specifically, Corollary 1 shows that as the prospect of an investment on selling newspapers
(or other perishable goods) becomes better and better, a risk-averse newsvendor with a CARA utility function prefers ordering less and less
if the selling price is beyond a certain threshold value. Interestingly, similar counterintuitive results have been found under the CARA utility
function in other economic contexts. For example, Clyman et al. (1999) study a petroleum company drilling-investment decisions under a
CARA utility function and find that as the upside payoff increases, the optimal working interest should be lower. Rabin (2000) also finds
that an investor under a CARA utility function with c0 � 0:001 will only be willing to keep $1600 of her portfolio in the stock market where
stock yields are normally distributed while keeping the rest in bonds (which average 6% lower annual return) no matter how large her total
investments in stocks and bonds.

Let c ¼ infQ2I;p>w;x2IfrðWÞjW ¼ pðx;QÞg, e.g., the value of c is the smallest Arrow–Pratt measure of absolute risk aversion over possible
realizations of newsvendor wealth. From A1–A3, it follows that c > 0. For any CARA utility function U0ðWÞ ¼ u0 � e�c0W for some
c0 2 ð0; cÞ, we let kðtÞ ¼ UðU�1

0 ðtÞÞ. Note that kðtÞ is a strictly concave transformation function that maps U0ðWÞ onto UðWÞ, i.e.,
kðU0ðWÞÞ ¼ UðWÞ and k00ðtÞ ¼ U00ðU�1

0 ðtÞÞU
�10
0 ðtÞ

2 þ U0ðU�1
0 ðtÞÞU

�100
0 ðtÞ < 0. A concave transformation of utility function is equivalent to an in-

crease in risk aversion (Pratt, 1964). The following proposition highlights the relationship between the optimal order quantities under util-
ity functions UðWÞ and U0ðWÞ for the case of s 6 0.

Proposition 1. If s 6 0, then a newsvendor with utility function UðWÞ will always order less than a newsvendor with CARA utility function
U0ðWÞ ¼ u0 � e�c0W .

Proposition 1 is similar to a result in Eeckhoudt et al. (1995). They study a risk-averse newsvendor problem where the newsvendor is
allowed to satisfy any shortfall in the original order quantity (i.e., maxf0;X � Qg) by purchasing at a unit cost pþ s 2 ðw; pÞ (equivalently,
s 2 ðw� p;0ÞÞ. They find that a risk-averse newsvendor will order strictly less than a risk-neutral newsvendor. The assumption of s 6 0 in
Proposition 1 implies that the newsvendor will not lose money when fulfilling emergency orders, i.e., the newsvendor is not worse-off in
profit by understocking. Thus, for an optimal newsvendor order quantity Q 0 under CARA, the marginal utility gain of a unit below Q 0 is
smaller than that of a unit above Q 0, which implies that the optimal newsvendor order quantity under a general utility function should
be lower than Q0 for any s 6 0 (see Theorem 1). We note that if s > 0, then it is possible for a newsvendor with the utility function
UðWÞ to order more than a newsvendor with CARA utility function U0ðWÞ. This observation highlights the key assumption underlying Prop-
osition 1 and the result in Eeckhoudt et al. (1995): the newsvendor incurs no positive shortage penalty when the initial order quantity is
insufficient to cover demand.

So far we have shown some anomalous results on the risk-averse newsvendor’s ordering behavior as the selling price increases. We next
conduct additional comparative statics of changes in shortage cost penalty s, salvage value v, and wholesale price w on the risk-averse
newsvendor’s optimal order quantity.

Theorem 3. (i) For utility function UðWÞ satisfying A1 and A2, the newsvendor’s optimal order quantity is increasing in s and v. (ii) For CARA
utility function, the newsvendor’s optimal order quantity is decreasing in w.

Theorem 3(i) shows that for any concave and increasing risk aversion utility function that satisfies A1 and A2, a risk-averse newsvendor
will order more products as shortage cost penalty s or salvage value v increases. Theorem 3(ii) further shows that for any CARA utility func-
tion, a risk-averse newsvendor will order less products as wholesale price becomes higher. In contrast to the anomalous results in Theorem
1, Theorem 2 and Corollary 1, the result in Theorem 3 is consistent with the result in the traditional newsvendor models based upon risk
neutrality.

Although Rabin (2000) calibration theorem is convincing, some researchers have pointed out the limitation of his assumption on risk
aversion, i.e., Rabin’s Corollary assumes that an individual must reject a modest-stake gamble at all wealth levels. As shown by Palacios-
Huerta and Serrano (2006), this assumption imposes a positive lower bound on rðWÞ everywhere, which is essentially the same as A3. Thus,
his result may not hold for some DARA utility functions (e.g., logarithmic function) that violate A3. For example, Watt (2002) shows that
under a logarithmic function UðWÞ ¼ lnðWÞ with a starting wealth level of $109, the individual will turn down the 50–50 chance of losing
$10 and winning $11, but will accept a bet of losing $100 and winning any amount of Y > $1211:11. This is a far different conclusion than
Rabin’s result that the individual would be unwilling to accept a bet of losing $100 against winning an infinite amount of money.
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To see if Watt (2002) different result still exists in the risk-averse newsvendor problem, e next consider two commonly used unbounded
DARA utility functions – logarithmic and power function – to investigate the newsvendor problem. Both utility functions satisfy
limW!1rðWÞ ¼ 0 and thus violate A3. Since it is possible that the newsvendor will face negative payoff and both utility functions require
positive outcomes as an input value, we need the following assumption on the initial wealth level W0 to ensure the newsvendor’s final
wealth level is positive at any realized demand x 2 I.

A4. W0 > maxfðw� vÞb; sbg.

Note the term ðw� vÞb in A4 is the newsvendor’s maximum overage loss, i.e., he orders b, the highest potential demand, but the realized
demand is zero. Also, the term sb is the newsvendor’s maximum underage loss, i.e., he orders nothing, but demand is realized at its highest
potential, b. A4 is not restrictive in the sense that we must use this assumption if we use those two utility functions to study the risk-averse
newsvendor problem.

Proposition 2. For logarithmic function UlðWÞ ¼ lnðWÞ, let Q�l denote the optimal order quantity. If A4 holds, then dQ �l =dp > 0 for all p > w.

Proposition 3. For power function UpðWÞ ¼Wað0 < a < 1Þ, let Q �p denote the optimal order quantity. If A4 holds, then dQ �p=dp > 0 for all p > w.

As shown by Proposition 2 and Proposition 3, results based upon unbounded DARA functions such as the logarithmic and power func-
tions that violate A3 differ sharply from our previous results. Under both unbounded DARA utility functions, the newsvendor will order
more as selling price gets higher, which is consistent with results based upon risk neutrality. From Propositions 2 and 3, it is natural to
ask whether unbounded DARA utility functions that violate A3 are better choice models for describing the newsvendor decision bias than
risk aversion utility functions satisfying A3 because of their consistent and intuitive results when we vary the selling price from low to high.
Unbounded DARA utility functions have been suggested by Arrow (1971) and are applied in economics. However, while these unbounded
DARA utility functions avoid the anomalous property of Theorem 1, they also fall prey to the counterintuitive St. Petersburg paradox, e.g.,
these utility functions imply that an individual would be willing to give up all his wealth for a gamble with a 50% probability that the utility
of the pay-off will only be $2.01.

4. Numerical illustration

To illustrate our results, we assume the newsvendor’s utility function is CARA and satisfies UðWÞ ¼ 1� e�rW . We also assume demand is
uniformly distributed on ½0;D�. We let s ¼ v ¼W0 ¼ 0 (i.e., the newsvendor’s salvage value and initial wealth are zero). After mapping the
demand and utility function into (2) and plugging in the parameters, we can rewrite (2) as
E½UðpðX;QÞÞ� ¼
Z D

Q
½1� e�rðp�wÞQ �f ðxÞdxþ

Z Q

0
½1� e�rðpx�wQÞ�f ðxÞdx ¼ 1� D� Q

D
e�rðp�wÞQ þ e�rðp�wÞQ � erwQ

rpD
ð12Þ
and at selling price p, there exists a unique optimal order quantity Q �ðpÞ 2 ð0;DÞ which satisfies the following first-order condition:
dE½UðpðX;Q �ðpÞÞÞ�
dQ

¼ e�rðp�wÞQ�ðpÞ

pD
½rpðp�wÞðD� Q �ðpÞÞ �wðerpQ�ðpÞ � 1Þ� ¼ 0: ð13Þ
Fig. 1 illustrates the newsvendor’s optimal order quantity Q �ðpÞwith respect to his selling price p under various degrees of risk aversion r. As
shown in Fig. 1, if the newsvendor is a little risk-averse (e.g., r ¼ 0:00001) and selling price is relatively small (e.g., p < $2000), then his opti-
mal order quantity is increasing in selling price. However, if selling price is higher than a threshold value (e.g., p � $2000), then the optimal
order quantity begins to decrease in selling price. If the newsvendor is more risk-averse (e.g., r ¼ 0:001), then the threshold selling price be-
comes very small and the optimal order quantity is deceasing in selling price. The result in Fig. 1 illustrates that EUT predicts a consistent
relationship between selling price and order quantity (i.e., optimal order quantity is increasing in selling price) over a reasonable price range
when risk aversion is relatively low (e.g., r ¼ 0:00001 and p 2 ½$200; $2000�). However, the threshold price can be quite low at higher levels of
risk aversion, which raises questions into the appropriateness of EUT in these settings.
Fig. 1. Newsvendor’s optimal order quantity under alternative selling prices ðpÞ and degrees of risk aversion ðrÞ at D ¼ 100 and w ¼ $100.
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Proposition 4. For any q 2 ð0;D�, define HðpjqÞ ¼ pðp�wÞðD� qÞ � w
r ðerpq � 1Þ. Then HðpjqÞ has at most two roots satisfying

HðpjqÞ ¼ 0.

(i) If HðpjqÞhas two roots, then the threshold price pTðqÞ is the larger of two values of p that satisfies HðpÞ ¼ 0;
(ii) if HðpjqÞhas only one root, then the threshold price pTðqÞ is the unique value of p that satisfies HðpÞ ¼ 0;

(iii) if HðpjqÞhas no root, then the threshold price satisfies pTðqÞ ¼ w.

Proposition 4 characterizes the unique threshold price pTðqÞ such that for any given q 2 ð0;D�, the optimal order quantity Q �ðpÞ < q for
all p > pTðqÞ. More specifically, if the function HðpÞ has one or two roots, then the unique threshold price pTðqÞ can be characterized by the
following equation:
HðpTðqÞjqÞ ¼ pTðqÞðpTðqÞ �wÞðD� qÞ �w
r
ðerpTðqÞq � 1Þ ¼ 0: ð14Þ
Proposition 5. If the unique threshold price pTðqÞ satisfies (14), then

(i) pTðqÞis decreasing in q;
(ii) if pTðqÞP 1

rq, then pTðqÞ is decreasing in r.

Proposition 5(i) implies that as q increases, its corresponding threshold selling price pTðqÞ becomes smaller. For example, our numerical
results show that when D ¼ 100 and r ¼ 0:00001, if q is relatively small (e.g., q ¼ 5), then the threshold selling price is relatively high (e.g.,
pTð5Þ ¼ $268;774). However, if q is relatively large (e.g., q ¼ 85), then the threshold selling price becomes much smaller (e.g.,
pTð85Þ ¼ $3368). Proposition 5(ii) identifies a condition under which the threshold price pTðqÞ is decreasing in the newsvendor’s degree
of risk aversion r. For example, our numerical results show that when D ¼ 100 and q ¼ 5, if the newsvendor is a little risk-averse, then
the threshold price is relatively high (e.g., pTð5Þ ¼ $268;774 when r ¼ 0:00001). However, if the newsvendor becomes more risk-averse,
then the threshold price becomes much smaller (e.g., pTð5Þ ¼ $1527 when r ¼ 0:001).
5. Discussion and conclusion

This paper investigates the application of EUT to the newsvendor problem. We find that within EUT, a risk-averse newsvendor will order
less than an arbitrarily small quantity as selling price gets larger if price is higher than a threshold value. Our results provide the following
implications.

First, the results support Rabin (2000) criticism on the limitation of EUT, i.e., within EUT, risk aversion at small stakes implies unrealistic
risk aversion over large stakes. While this limitation has been recognized for lottery procedures in experimental economics (see Rabin,
2000 for a list of references), there is a lack of critical evaluation of EUT for more complex settings such as the newsvendor problem – a
fundamental decision problem in the operations management literature. We build on Rabin (2000) risk aversion calibration theorem for
the two-payoff distribution and go/no-go decision by considering the newsvendor problem with a continuous payoff distribution and a
quantity decision. Our results show that the weakness in EUT exposed by Rabin’s calibration theorem is also present in the newsvendor
problem. Given the wide applications of the newsvendor model in inventory control, capacity planning, yield management, insurance, fi-
nance, and supply chain contracts, our findings suggest that some care is in order when using EUT to derive policy guidelines, especially
when there is significant risk aversion.

Second, for managers facing the risk-averse newsvendor problem, our study sheds light on when anomalous results that may arise and
the implications regarding the choice of utility functions. For example, one alternative is an unbounded DARA utility function such as the
logarithmic and power functions. Although such functions are also subject to the St. Petersburg paradox, our results show that they can
avoid the anomalous effect of order quantity decreasing in selling price.
Appendix

Lemma 1. For any t0 > 0, define hðp; t; qÞ ¼
R b

q etsðx�qÞf ðxÞdx� w�v
pþs�w

R q
0 etðp�vÞðq�xÞf ðxÞdx with p > 0, q > 0, and t 2 ½t0;1Þ. There exists a finite

pTðqÞ such that if p > pTðqÞ, then hðp; t; qÞ < 0 for all t 2 ½t0;1Þ.

Proof of Lemma 1
hðp; t; qÞ ¼
Z b

q
etsðx�qÞf ðxÞdx� w� v

pþ s�w

Z q

0
etðp�vÞðq�xÞf ðxÞdx < etsðb�qÞFðqÞ � w� v

pþ s�w

Z q

0
etðp�vÞðq�xÞf ðxÞdx

¼ etsðb�qÞ FðqÞ � w� v
pþ s�w

Z q=2

0
et½ðp�vÞðq�xÞ�sðb�qÞ�f ðxÞdx� w� v

pþ s�w

Z q

q=2
et½ðp�vÞðq�xÞ�sðb�qÞ�f ðxÞdx

( )

tsðb�qÞ w� v t½ðp�vÞq=2�sðb�qÞ�
� �
< e FðqÞ �
pþ s�w

e Fðq=2Þ :
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Define gðp; q; tÞ ¼ w�v
pþs�w et½ðp�vÞq=2�sðb�qÞ�Fðq=2Þ. Then
dgðp; q; tÞ=dp ¼ ðw� vÞFðq=2Þ e
t½ðp�vÞq=2�sðb�qÞ�½ðpþ s�wÞqt=2� 1�

ðpþ s�wÞ2
; ð15Þ

dgðp; q; tÞ=dt ¼ w� v
pþ s�w

Fðq=2Þ½ðp� vÞq=2� sðb� qÞ�et½ðp�vÞq=2�sðb�qÞ�: ð16Þ
Let p0 ¼maxf2sðb� qÞ=qþ v, 2=ðt0qÞ � sþwg. If p > p0, then ðpþ s�wÞtq=2� 1 > 0 for all t 2 ½t0;1Þ, and from (15), it follows that
dgðp; q; t0Þ=dp > 0. Furthermore, from L’Hospital’s Rule
lim
p!1

gðp; q; t0Þ ¼ lim
p!1
ðw� vÞFðq=2Þdet0 ½ðp�vÞq=2�sðb�qÞ�=dp

dðpþ s�wÞ=dp
¼ lim

p!1
ðw� vÞFðq=2Þet0 ½ðp�vÞq=2�sðb�qÞ�t0q=2 ¼ 1:
Similarly, from (16) we can verify that if p > p0, then dgðp; q; tÞÞ=dt > 0. Therefore, if p > p0, then gðp; q; tÞP gðp; q; t0Þ for all t 2 ½t0;1Þ. Thus,
for all t 2 ½t0;1Þ
hðt; p; qÞ < etsðb�qÞfFðqÞ � gðp; q; tÞ:
Therefore, if FðqÞ 6 gðp0; q; t0Þ, then let pTðqÞ ¼ p0, it follows that hðp; t; qÞ < 0. If FðqÞ > gðp0; q; t0Þ, since dgðp; q; t0Þ=dp > 0 when p > p0 and
limp!1gðp; q; t0Þ ¼ 1, we can always find a finite pTðqÞ > p0 such that FðqÞ ¼ gðpTðqÞ; q; t0Þ. In summary, if p > pTðqÞ, then we have
FðqÞ < gðp; q; t0Þ 6 gðp; q; tÞ, i.e., hðp; t; qÞ < 0 for all t 2 ½t0;1Þ. h

Proof of Theorem 1. Let c ¼ infWfrðWÞg and U0ðWÞ ¼ u0 � e�c0W for some c0 2 ð0; cÞ. For utility function U0ðWÞ, let Q 0ðpÞ denote the opti-
mal order quantity at selling price p. From Corollary 1, there exists a selling price pTðqÞ such that Q0ðpÞ < q for any p > pTðqÞ. From Prop-
osition 1, Q �ðpÞ < Q 0ðpÞ. Therefore, Q �ðpÞ < q for any p P pTðqÞ. h

Proof of Theorem 2. For any q > 0, from (9) and (10), we have:
dUmðpðX; qÞÞ=dq ¼
Z 1

t0

Z b

q
ðpþ s�wÞe�t½W0þðpþs�wÞq�sx�f ðxÞdx� ðw� vÞ

Z q

0
e�t½W0þpx�wqþvðq�xÞ�f ðxÞdx

( )
dGðtÞ: ð17Þ
From Lemma 1, we can rewrite (17) as follows:
dUmðpðX; qÞÞ=dq ¼
Z 1

t0

ðpþ s�wÞe�t½W0þðp�wÞq�hðp; t; qÞdGðtÞ: ð18Þ
From Lemma 1, for any q > 0, there exists a finite threshold selling price pTðqÞ such that if p > ptðqÞ, then hðp; t; qÞ < 0 for all t 2 ½t0;1Þ. Thus
dUmðpðX; qÞÞ=dq < 0: ð19Þ
Expression (19) implies that QmðpÞ < q for all p > pTðqÞ. h

Proof of Corollary 1. Since CARA utility function is a special form of mixed utility function (see Caballé and Pomansky, 1996, p. 490), the
proof follows immediately from Theorem 2. h

Proof of Proposition 1. Recall that Q � denotes the optimal order quantity. Let Q 0 be the optimal order quantity given utility function
U0ðWÞ, i.e.
ðpþ s�wÞ
Z b

Q 0
U00ðpþðx;Q

0ÞÞf ðxÞdx� ðw� vÞ
Z Q0

0
U00ðp�ðx;Q

0ÞÞf ðxÞdx ¼ 0:
The value of Q0 is an interior point, i.e., there exists ½x1; x2� 2 I such that x1 < Q0 < x2. Note that
U0ðp�ðx1;Q
0ÞÞ < U0ðpðQ0; Q 0ÞÞ 6 U0ðpþðx2;Q

0ÞÞ
and since kð�Þ is strictly concave
k0ðU0ðp�ðx1;Q
0ÞÞÞ > k0ðU0ðpðQ0;Q0ÞÞÞP k0ðU0ðpþðx2;Q

0ÞÞ:
Therefore
dE½UðpðX;Q 0ÞÞ�=dQ ¼ ðpþ s�wÞ
Z b

Q 0
U0ðpþðx;Q0ÞÞf ðxÞdx� ðw� vÞ

Z Q0

0
U0ðp�ðx;Q0ÞÞf ðxÞdx

¼ ðpþ s�wÞ
Z b

Q 0
k0ðU0ðpþðx;Q0ÞÞÞU00ðpþðx;Q

0ÞÞf ðxÞdx� ðw� vÞ
Z Q0

0
k0ðU0ðp�ðx;Q0ÞÞÞU00ðp�ðx;Q

0ÞÞf ðxÞdx

< k0ðU0ðpðQ0;Q0ÞÞÞ ðpþ s�wÞ
Z b

Q0
U00ðpþðx;Q

0ÞÞf ðxÞdx� ðw� vÞ
Z Q0

0
U00ðp�ðx;Q

0ÞÞf ðxÞdx

( )
¼ 0: ð20Þ
From (20) it follows that Q � < Q0. h

Proof of Theorem 3.

(i) For utility function UðWÞ satisfying A1 and A2, the optimal order quantity Q � must satisfy the first-order condition (5). By the impli-
cit function theorem and the concavity of E½UðpðX;QÞÞ� in Q, we have:
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dQ �=ds ¼
R b

Q� U0ðpþðx;Q �ÞÞf ðxÞdx� ðpþ s�wÞ
R b

Q� U00ðpþðx;Q �ÞÞðx� Q �Þf ðxÞdx

�d2E½UðpðX;Q �ÞÞ�=dQ2
> 0;

dQ �=dv ¼
R Q�

0 U0ðp�ðx;Q �ÞÞf ðxÞdx� ðw� vÞ
R Q�

0 U00ðp�ðx;Q �ÞÞðQ � � xÞf ðxÞdx

�d2E½UðpðX;Q �ÞÞ�=dQ 2
> 0:
(ii) Substituting U0ðWÞ ¼ u0 � e�c0W into (3) yields
dE½U0ðpðX;QÞÞ�
dQ

¼ ðpþ s�wÞc0e�c0 ½W0þðp�wÞQ �
Z b

Q
ec0sðx�QÞf ðxÞdx�

Z Q

0

ðw� vÞec0ðp�vÞðQ�xÞ

pþ s�w
f ðxÞdx

( )
: ð21Þ
Let Q0ðw1Þ and Q0ðw2Þ be the optimal order quantity at the wholesale price w1 and w2, respectively. Then from (21), Q0ðw1Þ and Q0ðw2Þ sat-
isfy the following first-order conditions:
Z b

Q0ðw1Þ
ec0sðx�Q0ðw1ÞÞf ðxÞdx� ðw1 � vÞ

Z Q0ðw1Þ

0

ec0ðp�vÞðQ0ðw1Þ�xÞ

pþ s�w1
f ðxÞdx ¼ 0; ð22Þ

Z b

Q0ðw2Þ
ec0sðx�Q0ðw2ÞÞf ðxÞdx� ðw2 � vÞ

Z Q0ðw2Þ

0

ec0ðp�vÞðQ0ðw2Þ�xÞ

pþ s�w2
f ðxÞdx ¼ 0: ð23Þ
Since the function
R b

Q ec0sðx�QÞf ðxÞdx� ðw� vÞ
R Q

0
ec0ðp�vÞðQ�xÞ

pþs�w f ðxÞdx is decreasing in w, for any w2 > w1, we have
Z b

Q0ðw1Þ
ec0sðx�Q 0ðw1ÞÞf ðxÞdx� ðw2 � vÞ

Z Q0ðw1Þ

0

ec0ðp�vÞðQ0ðw1Þ�xÞ

pþ s�w2
f ðxÞdx < 0: ð24Þ
By the concavity of E½U0ðpðX;QÞÞ�, expressions (23) and (24) imply that for any w2 > w1, we have Q0ðw2Þ < Q0ðw1Þ. Therefore, the optimal
order quantity is decreasing in w. h

Proof of Proposition 2. Substituting UlðWÞ ¼ lnðWÞinto the first-order condition (5) yields
Z b

Q�l

pþ s�w
W0 þ pQ �l �wQ �l � sðx� Q �l Þ

f ðxÞdx�
Z Q�l

0

w� v
W0 þ pxþ vðQ �l � xÞ �wQ �l

f ðxÞdx ¼ 0: ð25Þ
By the implicit function theorem
dQ �l =dp ¼ d2E½UlðpðX;Q �l ÞÞ�=dQdp

�d2E½UlðpðX;Q �l ÞÞ�=dQ2
: ð26Þ
By the concavity of E½UlðpðX;QÞÞ� in Q, the sign of dQ �l =dp only depends on the numerator of (26). After taking the partial derivative of (25)
with respect to p, we get
d2E½UlðpðX;Q �l ÞÞ�
dQdp

¼
Z b

Q�l

ðW0 � sxÞf ðxÞ
½W0 þ pQ �l �wQ �l � sðx� Q �l Þ�

2 dxþ
Z Q�l

0

ðw� vÞxf ðxÞ
½W0 þ pxþ vðQ �l � xÞ �wQ �l �

2 dx: ð27Þ
From A4, we know W0 � sx > 0 for all x 2 I. Therefore, both terms in (27) are positive. Therefore, we have d2E½UlðpðX;Q �l ÞÞ�=dQdp > 0, which
implies dQ �l =dp > 0 for all p > w. h

Proof of Proposition 3. Substituting UpðWÞ ¼Wað0 < a < 1Þ into (5) yields
Z b

Q�p

pþ s�w

½W0 þ pQ �p �wQ � � sðx� Q �pÞ�
ð1�aÞ f ðxÞdx�

Z Q�p

0

w� v

½W0 þ pxþ vðQ �p � xÞ �wQ �p�
ð1�aÞ f ðxÞdx ¼ 0: ð28Þ
Similarly, the sign of dQ �=dp only depends on d2E½UpðpðX;Q �pÞÞ�=dQdp. After taking the partial derivative of (28) with respect to p, we get
d2E½UpðpðX;Q �pÞÞ�=dQdp ¼
Z b

Q�p

½W0 þ pQ �p �wQ �p � sðx� Q �pÞ�
�a½W0 � sxþ ðpþ s�wÞaQ �p�

½W0 þ pQ �p �wQ � � sðx� Q �pÞ�
2ð1�aÞ f ðxÞdx

þ
Z Q�p

0

x

½W0 þ pQ �p �wQ � � sðx� Q �pÞ�
2ð1�aÞ f ðxÞdx: ð29Þ
From A4, we know both terms in (29) are positive. Therefore, d2E½UpðpðX;Q �pÞÞ�=dQdp > 0, which implies dQ �p=dp > 0 for all p > w. h

Proof of Proposition 4. We first prove that HðpjqÞ has at most two roots. After taking the first and second derivative of HðpjqÞwith respect
to p, we get:
dHðpjqÞ=dp ¼ ð2p�wÞðD� qÞ �wqerpq; ð30Þ
d2HðpjqÞ=dp2 ¼ 2ðD� qÞ �wrq2erpq: ð31Þ
From (31), we see that d2HðpjqÞ=dp2 is strictly decreasing in p and limp!1d2HðpjqÞ=dp2 < 0. Therefore, if d2HðpjqÞ=dp2jp¼w 6 0, then
d2HðpjqÞ=dp2 < 0 for all p > w. This implies HðpjqÞ is concave in p and HðpjqÞ has at most two roots. If d2HðpjqÞ=dp2jp¼w > 0, then we can
always find a p0 > w satisfying d2Hðp0jqÞ=dp2 ¼ 0 so that d2HðpjqÞ=dp2 > 0 for all p < p0 and d2HðpjqÞ=dp2

6 0 for all p P p0. Therefore,
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HðpjqÞ is first convex then concave in p. Since HðwjqÞ ¼ � w
r ðerwq � 1Þ < 0 and limp!1HðpjqÞ ¼ �1 < 0, this also implies HðpjqÞ has at most

two roots.
From (13), the optimal order quantity Q � ðpÞ must satisfy the following first-order condition:
dE½UðpðX;Q �ðpÞÞÞ�
dQ

¼ e�rðp�wÞQ�ðpÞ

pD
HðpjQ �ðpÞÞ ¼ 0: ð32Þ
Replacing Q � ðpÞ with q in (32), we have
dE½UðpðX; qÞÞ�
dQ

¼ e�rðp�wÞq

pD
HðpjqÞ: ð33Þ
(i) If HðpÞ has two roots, p1 and p2 with p2 > p1, then for all p 2 ðp1, p2Þ, we must have HðpjqÞ > 0 and dE½UðpðX;qÞÞ�
dQ > 0 (by expression (33)).

Since E½UðpðX;QÞÞ� is concave, this implies Q � ðpÞ > q for all p 2 ðp1, p2Þ. Similarly, for all p > p2, we must have HðpjqÞ < 0 and
dE½UðpðX;qÞÞ�

dQ < 0. This implies Q � ðpÞ < q for all p > p2. Therefore, the threshold price is pTðqÞ ¼ p2, i.e., the larger of the two roots of
HðpjqÞ.

(ii) The proof is similar to Proposition 4(i).
(iii) If HðpjqÞ has no root, then since HðwjqÞ < 0 and limp!1HðpjqÞ < 0, we have HðpjqÞ < 0 for all p > w. Therefore, pTðqÞ ¼ w. h

Proof of Proposition 5

(i) After taking the first derivative of (14) with respect to q and applying some algebraic manipulations, we get:
dpTðqÞ
dq

¼ pTðqÞðpTðqÞ �wÞ þwpTðqÞerpTðqÞq

ð2pTðqÞ �wÞðD� qÞ �wqerpTðqÞq
: ð34Þ
From Proposition 4, if pTðqÞ satisfies (14), then it must be the larger of the two roots or the only root of values of HðpjqÞ. Therefore, from
(30), we must have
dHðpTðqÞjqÞ=dp ¼ ð2pTðqÞ �wÞðD� qÞ �wqerpTðqÞq 6 0: ð35Þ
From (34) and (35), we have dpTðqÞ=dq 6 0.
(ii) Similarly, after taking the first derivative of (14) with respect to r, we get:
dpTðqÞ
dr

¼ w½ðrqpTðqÞ � 1ÞerpTðqÞq þ 1�
r2½ð2pTðqÞ �wÞðD� qÞ �wqerpTðqÞq� : ð36Þ
From (35) and (36), if rqpTðqÞ � 1 P 0, i.e., pTðqÞP 1
rq, then dpTðqÞ=dr < 0. h
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